Abstract. We study thermoelectric effects in superconducting nanobridges and demonstrate that the magnitude of these effects can be comparable or even larger than that for a macroscopic circuit. It is shown that a large gradient of the electron temperature can be realistically created on a nanoscale and the masking effects due to spurious magnetic fields can be minimised in nanostructures. For these reasons, nanodevices can provide an interesting possibility to study the thermoelectric effect in superconductors. 
Introduction
The discrepancy between the theory and experiment concerning the thermoelectric phenomena is a long standing problem in physics of superconductors. The thermoelectric phenomena in the superconducting state were first discussed by Ginzburg [1] as early as 1944 (see also Ref. [2] ). In the presence of a temperature gradient ∇T , there appears in a superconductor a normal current of the form given by
where η is the corresponding transport coefficient. As was pointed out by Ginzburg [1] , the normal current is offset by a supercurrent density j s so that the total current in the bulk of a homogeneous isotropic superconductor should vanish j T + j s = 0.
This makes impossible standard studies of the thermoelectric effect in a homogeneous isotropic superconductor. Ginzburg considered also simply-connected anisotropic or inhomogeneous superconductors where it is possible to observe thermoelectric phenomena by measuring the magnetic field generated by a temperature gradient. Theory of the effect was further developed in 1970s [3] and the thermoelectric coefficient η in equation (2) was calculated using the Boltzmann equation approach [4] . One of the prediction was that η(T ) is a continuous function of temperature and at the critical point T c it approaches its value of the normal metal η(T c ); this is a robust feature independent of the mechanism of the quasiparticle scattering. It was noted in particular that the offset supercurrent is related to the phase difference of the a e-mail: Shelankov@tp.umu.se order parameter of a simple-connected superconductor. The phase difference can be measured either in superconducting interferometer or in the loop formed by different superconductors where a magnetic flux is generated by a temperature difference. The theoretical development stimulated experimental study of the thermoelectric magnetic flux (the interferometry measurement has not yet been performed).
The first thermoelectric flux measurement by Zavaritsky [5] was in a reasonable agreement with the existing theory. However, further experiments [6, 7] exhibited temperature-dependent magnetic fluxes some five order of magnitude larger than predicted by the theory [3] . Moreover, the experiment [6, 7] gives a quite unexpected temperature dependence of the magnetic flux Φ near T c . According to reference [7] , it corresponds to the temperature dependence of the thermoelectric
−1/2 , in a drastic contradiction to the theory of reference [3] . So far no explanation has been suggested for the unexpectedly huge effect and the mysterious temperature dependence of η.
A possibility to generate a large thermoelectric flux is discussed in [8] where it is related to the phonon drag effect near the interface of the two superconductors with different superconducting gaps. However, the predicted enhancement factor, the ratio of the Fermi and Debye energies, is not big enough to bridge the gap between the experiment [6, 7] and the theory [3] , to say nothing about the temperature dependence of the thermoelectric coefficient.
From the experimental point, the main difficulty is due to the fact that the thermoelectric effect is small, and one needs to single it out from various masking effects. The most obvious one is related to the temperature dependence The European Physical Journal B of the magnetic field penetration length [9, 10] . As a result, in the presence of a background magnetic field, the magnetic field within the superconductor is temperature dependent. This can mask the genuine thermoelectric effect which is due to the system being out of equilibrium.
The authors of references [6, 7] study the thermoelectric effect in an ingenious device -a torus formed by a bimetallic superconducting loop. In this geometry, the thermoelectric magnetic flux is concentrated in the inner space of the torus while the measuring coil is winded around the torus. The contribution of a background magnetic field is minimal in the torus geometry but, in our opinion, the masking effects may be not excluded completely: Indeed, the measuring coil is outside the torus and thus is subjected to any external field penetrating the insulating gap between the coil and the torus. In an ideal geometry, the effect would be zero but due to asymmetry of a real sample, a spurious flux seems to be unavoidable. Since the area covered by this gap is essentially a macroscopic one, a background magnetic field can produce a significant magnetic flux through the gap which can be temperature-dependent, in particular, due to the temperature dependence of the penetration length as is discussed in references [9, 10] . Thus one cannot be sure that the setup of references [6, 7] excludes all the masking effects originating from the background magnetic field.
It is important to note that later on it was shown that the co-existence of a temperature gradient and a supercurrent leads to variation of the gauge invariant scalar potential φ; the latter describes the nonequilibrium charge related to an imbalance between the electron-like and holelike excitations [11] [12] [13] [14] . In contrast to the thermoelectric flux, the experimental studies of this effect were in agreement with the theory [14, 15] .
Note that there is a vast number of papers (see Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ) where thermoelectric effects in hybrid nanodevices including both normal and superconducting metals were studied. However we would like to emphasise that the measured quantity in these experiments was standard thermoelectric voltage, which vanishes for a superconducting branch. Thus thermoelectric effects in these studies originated from normal branches (possibly affected by superconductors through the proximity effects).
For almost three decades, there exist a challenging problem in the theory of nonequilibrium superconductivity: how one can reconcile the existing theory with the experimental data on the thermoelectric magnetic flux reported in references [6, 7] ?
The goal of the present paper is to discuss an entirely different, as compared to the former experiments, geometry of experiment (see Fig. 1 ): it includes a superconductor nanostructure as a part of a superconducting loop. The thermoelectric current is generated in the nanobridge, and the current is detected by the measurement of the magnetic flux in the loop. As discussed below, the masking effects due to redistribution of magnetic flux are small provided the transverse sizes of the wires of the loop are small compared to the London penetration depth. Due to development of experimental technique during recent 1 T 2 T R L Fig. 1 . Thermoelectric superconducting loop. The thermoelectric current is generated in a nanobridge the two banks of which are kept at different temperatures T1 and T2. The temperature difference is maintained by local heating of one of the banks. The bridge is shortcut by a superconducting wire (film) of size R.
years these experiments seem to be feasible. We believe that it would be interesting to compare the experimental data with the theory developed in the present paper. The comparison, particularly in the vicinity of T c , may shed light on the origin and the very existence of a singularity of the thermoelectric transport coefficient observed in references [6, 7] .
Experimentally, an advantage of a properly designed nanostructure is that one is able to create a significant drop of the electronic temperature on a short distance (see Appendices A and B for details). Consequently, the temperature gradients are large so that the intrinsic thermoelectric current becomes larger and easier to observe. To realise such a favourable possibility, the design of the device must minimise the heat flow in the substrate the superconducting bridge is deposited on. Large temperature gradients can be achieved if the substrate is made of a material with a low thermal conductivity, for instance, a glass.
On the theoretical side, a re-analysis is needed because the earlier theory of the thermoelectric effect in superconductors considered bulk samples. Their sizes have been assumed to be much larger than the characteristic lengths such as the London penetration length, and the length at which the offset supercurrent is generated. When applied to bulk samples, there is no need to specify and go into detail of the mechanism by which the normal thermoelectric current is converted into the offset supercurrent. This approach is valid provided the sample size essentially exceeds the size of the region where the normal thermoelectric current j n is converted into the offset supercurrent.
It is well-known from the microscopic theory [28] that the conversion occurs via generation of the nonequilibrium charge of the normal component, the charge imbalance, and subsequent relaxation of the latter. The charge imbalance relaxes due to the scattering events where the
